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Abstract

A new four-dimensional chaotic system with only twe quadratic nonlinearities is

proposed in this paper. It is interesting that the new chactic system exhibits a two-wing strange
attractor. The dynamical properties of the new chactic system are described in terms of phase
pertraits, equilibrium points, Lyapuncv exponents, Kaplan-Yorke dimension, dissipativity, etc.

The new chaotic system has two saddle-foci, unstable equilibrium peints. Thus, the new chaotic
system exhibits self-excited attractor. Also, a detailed analysis of the new chaaotic system
dynamics has been carried out with bifurcation diagram and Lyapunov exponents. As an
engineering application, an electronic circuit realization of the new chaoctic system is designed

via MultiSIM to confirm the feasibility of the theoretical 4-D chaotic model. (Approx. 116 words)
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Abstract. A new four-dimensional chaotic system with only two quadratic nonlinearities is proposed in this paper.
It is interesting that the new chaotic system exhibits a two-wing strange attractor. The dynamical properties of the
new chaotic system are described in terms of phase portraits, equilibrium points, Lyapunov exponents, Kaplan-
Yorke dimension, dissipativity, etc. The new chaotic system has two saddle-foci, unstable equilibrium points.
Thus, the new chaotic system exhibits self-excited attractor. Also, a detailed analysis of the new chaotic system
dynamics has been carried out with bifurcation diagram and Lyapunov exponents. As an engineering application,
an electronic circuit realization of the new chaotic system is designed via MultiSIM to confirm the feasibility of
the theoretical 4-D chaotic model.

1. Introduction

In the last few decades, much attention has been devoted to the modelling and analysis of many types
of chaotic systems [1-2]. Chaotic systems are very useful in many applications in science and
engineering such as weather systems [3-4], ecology [5], neurons [6-7], biology [8-10], cellular neural
networks [11-12], chemical reactors [13-14], oscillators [15-20], robotics [21-24], encryption [25-30],
finance systems [31-32], circuits [33-45], secure communication [46-50], etc.

In the chaos literature, there is great interest about finding chaotic systems with multi-wing attractors.
In the chaos literature, there are chaotic systems with two-wing attractors [51-55], three-wing attractors
[56-57] and four-wing attractors [58-60].

In this research paper, we report the finding of a new 4-D chaotic system exhibiting a two-wing strange
attractor. Our chaotic system has a simple structure with only two quadratic nonlinearities. We show
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that the new chaotic system has two saddle-foci, unstable equilibrium points. Thus, the new chaotic
system exhibits self-excited chaotic attractor [2].

We describe the phase plots of the chaotic system and conduct a rigorous bifurcation analysis of the
system. Bifurcation analysis is very useful to understand the special properties of chaotic and
hyperchaotic systems [61-66]. As an engineering application, we build an electronic circuit of the new
chaotic system and show that the circuit experimental results of the new chaotic system show good
agreement with the numerical MATLAB simulations of the system. Circuit simulation is an important
work associated with a chaotic system as this can be used for applications of chaotic systems [67-70].

Section 2 describes the new chaotic system with two-wing attractor, its phase plots and Lyapunov
exponents. We show that the new chaotic system has two saddle-foci equilibrium points which are
unstable. Hence, we shall deduce that the new chaotic system exhibits self-excited, two-wing, chaotic
attractor. Section 3 describes the dynamic analysis of the new chaotic system using bifurcation diagrams
and Lyapunov exponents. Also, an electronic circuit realization of the new chaotic system is presented
in detail in Section 4. Finally, Section 5 summarizes the main results derived in this work.

2. A new 4-D chaotic system
In this work, we report a new 4-D chaotic system given by the dynamics
f=a(y-x)-w
§=xe 1)
t=b-xy
[\&/: X—W
where X, Y, z, w are state variables and a, b are positive constants. Y=1/4, x= "%, w=1/2, z=1/4
We note that the system (1) has a simple structure having only two quadratic nonlinearities.
In this paper, we show that the 4-D system (1) has a two-wing chaotic attractor when the system
parameters take the following values

a=>5, b=50 (2
For numerical simulations and calculating the Lyapunov exponents, we take the initial values of the 4-
D system (1) as X (0) =(0.2,0.2,0.2,0.2). Using Wolf’s algorithm [71], the Lyapunov exponents of
the 4-D system (1) are found as

LE; =1.3182, LE,=0, LE3=-1.0459, LE4=-6.2723 (3)
Also, the Kaplan-Y di i the 4-D chaoti tem (1) is determined as follows:
so, the Kap a_n ort%1 Ln]_egjlgnl_tgs _e chaotic system (1) is determined as follows
D =3+ =3.0434 4)
“ |LE, |

Thus, the 4-D chaotic system exhibits complex chaotic behavior.
Also, the system (1) is invariant under the coordinates transformation

(X ¥, Z,W) * (=X,—Y,Z,~-W) (5)
Hence, the chaotic system (1) has rotation symmetry about the z —axis. Every non-trivial trajectory of
the system (1) has a twin trajectory because of this rotation symmetry property about the z —axis.
Figures 1-4 show the 2-D projections of the new chaotic system (1) in (x, y), (v, 2), (z,w)and (x, w)
coordinate planes, respectively.
From the phase portraits, we note that the chaotic system (1) exhibits a two-wing strange attractor.
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Figure 1. 2-D phase plot of the 4-D chaotic Figure 2. 2-D phase plot of the 4-D chaotic
system (1) in the (Xy)plane for System (1) in the (X, y)plane  for
X,=(0.2,0.2,0.2,0.2)and (a,b) = (5,50) X,=1(0.2,0.2,0.2,0.2)and (a,b) = (5,50)
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Figure 3. 2-D phase pIotZof the 4-D chaotic Figure 4. 2-D phase plotx of the 4-D chaotic
system (1) in the (X, y) plane  for system (1) in the (X, y) plane  for
X,=1(0.2,0.2,0.2,0.2) and (a,b) = (5,50) X,=1(0.2,0.2,0.2,0.2)and (a,b) = (5,50)

For the rest of this section, we take the values of the parameters as in the chaotic case (2), i.e. a=5

and b =50.
The equilibrium points of the new chaotic system (1) are obtained by solving the system of equations

a(y—x)—w=0 (6a)

xz=0 (6b)

b-xy=0 (6¢)

X-w=0 (6d)

Solving the system (6), we get two equilibrium points of the chaotic system (1) given as follows:
[ 6.4550] —6.4550]
7.7460 —7.7460 (7

E - | E |
L N 0o |

=l
|
[6.4550 J [—6.4550 J
It is easy to verify that the equilibrium points E, , E,are saddle-foci, unstable, equilibrium points.
This shows that the new chaotic system (1) exhibits a self-excited, two-wing, chaotic attractor.

3. Bifurcation Analysis for the New Chaotic System

In this section, we describe a bifurcation analysis for the new chaotic system (1) introduced in Section
2. Bifurcation analysis is an important topic for studying chaotic systems [61-66].

We fix b = 50 and vary a in the region of [2,8]

Obviously, from the bifurcation diagram shown in Figure 5, one can get that the new system (1)
experiences period-doubling route to chaos. In addition, there is a big periodic-3 window in the region
of [3.8, 4.2]. Some sample results are shown in Figures 6-8.
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Figure 5. Bifurcation diagram and Lyapunov exponents of the new system (1),
where we fix b=50 and the initial condition X, = (0.2,0.2,0.2,0.2)
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Figure 6. Phase plot of the new system (1), where we fix b =50 and the initial condition
X,=1(0.2,0.2,0.2,0.2). When a = 2, the system (1) depicts period-1 motion.
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Figure 7. Phase plot of the new system (1), where we fix b=50 and the initial condition
X,=1(0.2,0.2,0.2,0.2). When a = 2.8, the system (1) depicts period-2 motion.
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Figure 8. Phase plot of the new system (1), where we fix b=50 and the initial condition
X,=1(0.2,0.2,0.2,0.2). When a = 3, the system (1) depicts chaotic motion.

Next, we fix a=>5and vary b in the region of [20,80]. Obviously, from the bifurcation diagram as

shown in Figure 9, one can get that the system (1) is in chaotic motion except for a big periodic-3
window in the region of [20, 80].
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Figure 9. Bifurcation diagram and Lyapunov exponents of the new system (1),
where we fix a=5  and the initial condition X, = (0.2,0.2,0.2,0.2)

Next, we discuss on the coexisting attractors for the new system (1). We note that in Figures 10-12, the
blue color refers to the phase plot of the new system (1) starting from the initial condition
X,=1(0.2,0.2, 0.2, 0.2) and the red color refers to the phase plot of the new system (1) starting from
the initial condition Y,=(-0.2,-0.2,0.2,-0.2).

We fix b = 10 and vary a in the region of [2, 6]. As can be seen from the bifurcation diagram in Figure
10 that there exists coexisting attractors in the region of [4.7, 5.6]. Some sample plots are give in Figures
11-13.
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Figure 10. Bifurcation diagram oF the new system (1),
where we fix b =10and vary a in the region of [2, 6]
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Figure 11. Phase plot of the new system (1), where we fix b=10 and the initial
condition X, =(0.2,0.2,0.2,0.2) for blue color plot and Y, =(-0.2,-0.2,0.2,-0.2)
for red color plot. When a =5, the system (1) has coexisting period-1 attractors.

Figure 12. Phase plot of the new system (1), where we fix b =10 and the initial condition
X,=1(0.2,0.2,0.2,0.2) for blue color plotand Y,= (-0.2,-0.2,0.2,-0.2) for red color
plot. When a = 4.9, the system (1) has coexisting period-2 attractors.
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Figure 13. Phase plot of the new system (1), where we fix b=10 and the initial
condition X, =(0.2,0.2,0.2,0.2) for blue color plot and Y, = (-0.2,-0.2,0.2,-0.2)
for red color plot. When a = 4.75, the system (1) has coexisting chaotic attractors.

Next we discuss on offset boosting control for the new chaotic system (1).

We fix a =5, b =50and the initial condition X, = (0.2,0.2,0.2,0.2).
Clearly, the state variable z appears only once in the second equation of the new four-dimensional

chaotic system (1). Thus, we can control the state variable z conveniently. The state variable z is offset-

boosted b)F replacing z with z + k, in which k is a constant. The system (1) can be rewritten as
f=a(y-x)-w

§=x(z+k) (8)
i=b—xy
[\&/: X—W
Consequently, the chaotic signal z can be transformed from a bipolar signal to a unipolar signal when
varying the control parameter k.
Figure 14 shows the phase plots of the modified system (8) for k =0 (blue color), k =40 (red color)
and k =—40 (green color).
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Figure 14. Phase plot of the modified system (8), where we fix a=5, b=50 and the initial
condition X, =(0.2,0.2,0.2,0.2). In this figure, the phase plot is shown for k =0 (blue color),
k =40 (red color) and k =—40 (green color).

4. Circuit Implementation of the New Chaotic System

The electronic circuit modelling the new four-dimensional chaotic system with only two quadratic
nonlinearities (1) is realized by using off-the-shelf components such as resistors, capacitors, operational
amplifiers and multipliers. We have the circuit as shown in Fig. 15 where each state variable of system
(1), i.e. x, ¥, z, w is implemented as the voltage across the corresponding capacitors C;, Cs, Cs, and Cy,
respectively.

The four state variables (x, y, z, w) of the new four-dimensional chaotic system (1) have been rescaled
as x=1xy=1yz-Lw=1w. Therefore, the the new four-dimensional chaotic system (1) is
2 4 4 2

transformed into the following equivalent system:



X :a(zv—X)—WW‘ 9)
¥=2xz L

|

J

2.0 oxy
4

W= X -w
By applying Kirchhoff’s laws to this circuit, its dynamics are presented by the following circuital
equations:

gLy 1 ox-
CiR, CR,

1 1 (10)
CRs

¥ = ﬁxz
doLy
T CRs ' CiRs ‘

— 1 — 1

" CR, CuRe ‘

Where X, Y, Z W are the voltages across the capacitors C,, C,, C; and C,, respectively. The values of
the circuit elements were chosen as follows: R; =40 kQ, R, = 80 kQ, R;= R;= Rg= 400 kQ, Ry= Rs =
200 kQ, R, = 32 kQ, Vi=-1 VDC, Rg = Rlo =Ry =Ry = R13 =Ru= 100 kQ, Cl = Cz = C3 = C4= 1nF.
MultiSIM simulation of the circuit are represented in Fig 16. As expected, obtained MultiSIM results
confirm the theoretical model system (1).

XY

5. Conclusions

A new 4-D chaotic system with only two quadratic nonlinearities was reported in this paper. It is worth
noting that the new chaotic system exhibits a self-excited, two-wing strange attractor. The dynamical
properties of the new chaotic system were analyzed in terms of phase portraits, equilibrium points,
Lyapunov exponents, Kaplan-Yorke dimension, dissipativity, coexisting attractors, offset-boost control,
etc. We gave a detailed analysis of the new chaotic system dynamics with bifurcation diagram and
Lyapunov exponents. As an engineering application, an electronic circuit realization of the new chaotic
system was designed to show the feasibility of the theoretical model.
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Figure 15. Circuit design for the proposed new four-dimensional chaotic system (1)
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Abstract. A new four-dimensional chaotic system with only two quadratic nonlinearities is
proposed in this paper. It is interesting that the new chaotic system exhibits a two-wing strange
attractor. The dynamical properties of the new chaotic system are described in terms of phase
portraits, equilibrium points, Lyapunov exponents, Kaplan-Yorke dimension, dissipativity, etc.
The new chaotic system has two saddle-foci, unstable equilibrium points. Thus, the new chaotic
system exhibits self-excited attractor. Also, a detailed analysis of the new chaotic system
dynamics has been carried out with bifurcation diagram and Lyapunov exponents. As an
engineering application, an electronic circuit realization of the new chaotic system is designed
via MultiSIM to confirm the feasibility of the theoretical 4-D chaotic model.

1. Introduction

In the last few decades, much attention has been devoted to the modelling and analysis of many types
of chaotic systems [1-2]. Chaotic systems are very useful in many applications in science and
engineering such as weather systems [3-4], ecology [5], neurons [6-7], biology [8-10], cellular neural
networks [11-12], chemical reactors [13-14], oscillators [15-20], robotics [21-24], encryption [25-30],
finance systems [31-32], circuits [33-45], secure communication [46-50], etc.

In the chaos literature, there is great interest about finding chaotic systems with multi-wing attractors.
In the chaos literature, there are chaotic systems with two-wing attractors [51-55], three-wing attractors
[56-57] and four-wing attractors [58-60].

In this research paper, we report the finding of a new 4-D chaotic system exhibiting a two-wing strange
attractor. Our chaotic system has a simple structure with only two quadratic nonlinearities. We show
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that the new chaotic system has two saddle-foci, unstable equilibrium points. Thus, the new chaotic
system exhibits self-excited chaotic attractor [2].

We describe the phase plots of the chaotic system and conduct a rigorous bifurcation analysis of the
system. Bifurcation analysis is very useful to understand the special properties of chaotic and
hyperchaotic systems [61-66]. As an engineering application, we build an electronic circuit of the new
chaotic system and show that the circuit experimental results of the new chaotic system show good
agreement with the numerical MATLAB simulations of the system. Circuit simulation is an important
work associated with a chaotic system as this can be used for applications of chaotic systems [67-70].

Section 2 describes the new chaotic system with two-wing attractor, its phase plots and Lyapunov
exponents. We show that the new chaotic system has two saddle-foci equilibrium points which are
unstable. Hence, we shall deduce that the new chaotic system exhibits self-excited, two-wing, chaotic
attractor. Section 3 describes the dynamic analysis of the new chaotic system using bifurcation diagrams
and Lyapunov exponents. Also, an electronic circuit realization of the new chaotic system is presented
in detail in Section 4. Finally, Section 5 summarizes the main results derived in this work.

2. A new 4-D chaotic system
In this work, we report a new 4-D chaotic system given by the dynamics
f=a(y-x)-w
§=xe 1)
t=b-xy
[\&/: X—W
where X, Y, z, w are state variables and a, b are positive constants. Y=1/4, x= "%, w=1/2, z=1/4
We note that the system (1) has a simple structure having only two quadratic nonlinearities.
In this paper, we show that the 4-D system (1) has a two-wing chaotic attractor when the system
parameters take the following values

a=>5, b=50 (2
For numerical simulations and calculating the Lyapunov exponents, we take the initial values of the 4-
D system (1) as X (0) =(0.2,0.2,0.2,0.2). Using Wolf’s algorithm [71], the Lyapunov exponents of
the 4-D system (1) are found as

LE; =1.3182, LE,=0, LE3=-1.0459, LE4=-6.2723 (3)
Also, the Kaplan-Y di i the 4-D chaoti tem (1) is determined as follows:
so, the Kap a_n ort%1 Ln]_egjlgnl_tgs _e chaotic system (1) is determined as follows
D =3+ =3.0434 4)
“ |LE, |

Thus, the 4-D chaotic system exhibits complex chaotic behavior.
Also, the system (1) is invariant under the coordinates transformation

(X ¥, Z,W) * (=X,—Y,Z,~-W) (5)
Hence, the chaotic system (1) has rotation symmetry about the z —axis. Every non-trivial trajectory of
the system (1) has a twin trajectory because of this rotation symmetry property about the z —axis.
Figures 1-4 show the 2-D projections of the new chaotic system (1) in (x, y), (v, 2), (z,w)and (x, w)
coordinate planes, respectively.
From the phase portraits, we note that the chaotic system (1) exhibits a two-wing strange attractor.
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Figure 1. 2-D phase plot of the 4-D chaotic Figure 2. 2-D phase plot of the 4-D chaotic
system (1) in the (Xy)plane for System (1) in the (X, y)plane  for
X,=(0.2,0.2,0.2,0.2)and (a,b) = (5,50) X,=1(0.2,0.2,0.2,0.2)and (a,b) = (5,50)
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Figure 3. 2-D phase pIotZof the 4-D chaotic Figure 4. 2-D phase plotx of the 4-D chaotic
system (1) in the (X, y) plane  for system (1) in the (X, y) plane  for
X,=1(0.2,0.2,0.2,0.2) and (a,b) = (5,50) X,=1(0.2,0.2,0.2,0.2)and (a,b) = (5,50)

For the rest of this section, we take the values of the parameters as in the chaotic case (2), i.e. a=5

and b =50.
The equilibrium points of the new chaotic system (1) are obtained by solving the system of equations

a(y—x)—w=0 (6a)

xz=0 (6b)

b-xy=0 (6¢)

X-w=0 (6d)

Solving the system (6), we get two equilibrium points of the chaotic system (1) given as follows:
[ 6.4550] —6.4550]
7.7460 —7.7460 (7

E - | E |
L N 0o |

=l
|
[6.4550 J [—6.4550 J
It is easy to verify that the equilibrium points E, , E,are saddle-foci, unstable, equilibrium points.
This shows that the new chaotic system (1) exhibits a self-excited, two-wing, chaotic attractor.

3. Bifurcation Analysis for the New Chaotic System

In this section, we describe a bifurcation analysis for the new chaotic system (1) introduced in Section
2. Bifurcation analysis is an important topic for studying chaotic systems [61-66].

We fix b = 50 and vary a in the region of [2,8]

Obviously, from the bifurcation diagram shown in Figure 5, one can get that the new system (1)
experiences period-doubling route to chaos. In addition, there is a big periodic-3 window in the region
of [3.8, 4.2]. Some sample results are shown in Figures 6-8.
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Figure 5. Bifurcation diagram and Lyapunov exponents of the new system (1),
where we fix b=50 and the initial condition X, = (0.2,0.2,0.2,0.2)
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Figure 6. Phase plot of the new system (1), where we fix b =50 and the initial condition
X,=1(0.2,0.2,0.2,0.2). When a = 2, the system (1) depicts period-1 motion.

40

Figure 7. Phase plot of the new system (1), where we fix b=50 and the initial condition
X,=1(0.2,0.2,0.2,0.2). When a = 2.8, the system (1) depicts period-2 motion.
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Figure 8. Phase plot of the new system (1), where we fix b=50 and the initial condition
X,=1(0.2,0.2,0.2,0.2). When a = 3, the system (1) depicts chaotic motion.

Next, we fix a=>5and vary b in the region of [20,80]. Obviously, from the bifurcation diagram as

shown in Figure 9, one can get that the system (1) is in chaotic motion except for a big periodic-3
window in the region of [20, 80].
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Figure 9. Bifurcation diagram and Lyapunov exponents of the new system (1),
where we fix a=5  and the initial condition X, = (0.2,0.2,0.2,0.2)

Next, we discuss on the coexisting attractors for the new system (1). We note that in Figures 10-12, the
blue color refers to the phase plot of the new system (1) starting from the initial condition
X,=1(0.2,0.2, 0.2, 0.2) and the red color refers to the phase plot of the new system (1) starting from
the initial condition Y,=(-0.2,-0.2,0.2,-0.2).

We fix b = 10 and vary a in the region of [2, 6]. As can be seen from the bifurcation diagram in Figure
10 that there exists coexisting attractors in the region of [4.7, 5.6]. Some sample plots are give in Figures
11-13.
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Figure 10. Bifurcation diagram oF the new system (1),
where we fix b =10and vary a in the region of [2, 6]
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Figure 11. Phase plot of the new system (1), where we fix b=10 and the initial
condition X, =(0.2,0.2,0.2,0.2) for blue color plot and Y, =(-0.2,-0.2,0.2,-0.2)
for red color plot. When a =5, the system (1) has coexisting period-1 attractors.

Figure 12. Phase plot of the new system (1), where we fix b =10 and the initial condition
X,=1(0.2,0.2,0.2,0.2) for blue color plotand Y,= (-0.2,-0.2,0.2,-0.2) for red color
plot. When a = 4.9, the system (1) has coexisting period-2 attractors.
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Figure 13. Phase plot of the new system (1), where we fix b=10 and the initial
condition X, =(0.2,0.2,0.2,0.2) for blue color plot and Y, = (-0.2,-0.2,0.2,-0.2)
for red color plot. When a = 4.75, the system (1) has coexisting chaotic attractors.

Next we discuss on offset boosting control for the new chaotic system (1).

We fix a =5, b =50and the initial condition X, = (0.2,0.2,0.2,0.2).
Clearly, the state variable z appears only once in the second equation of the new four-dimensional

chaotic system (1). Thus, we can control the state variable z conveniently. The state variable z is offset-

boosted b)F replacing z with z + k, in which k is a constant. The system (1) can be rewritten as
f=a(y-x)-w

§=x(z+k) (8)
i=b—xy
[\&/: X—W
Consequently, the chaotic signal z can be transformed from a bipolar signal to a unipolar signal when
varying the control parameter k.
Figure 14 shows the phase plots of the modified system (8) for k =0 (blue color), k =40 (red color)
and k =—40 (green color).
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Figure 14. Phase plot of the modified system (8), where we fix a=5, b=50 and the initial
condition X, =(0.2,0.2,0.2,0.2). In this figure, the phase plot is shown for k =0 (blue color),
k =40 (red color) and k =—40 (green color).

4. Circuit Implementation of the New Chaotic System

The electronic circuit modelling the new four-dimensional chaotic system with only two quadratic
nonlinearities (1) is realized by using off-the-shelf components such as resistors, capacitors, operational
amplifiers and multipliers. We have the circuit as shown in Fig. 15 where each state variable of system
(1), i.e. x, ¥, z, w is implemented as the voltage across the corresponding capacitors C;, Cs, Cs, and Cy,
respectively.

The four state variables (x, y, z, w) of the new four-dimensional chaotic system (1) have been rescaled
as x=1xy=1yz-Lw=1w. Therefore, the the new four-dimensional chaotic system (1) is
2 4 4 2

transformed into the following equivalent system:



X :a(zv—X)—WW‘ 9)
¥=2xz L

|

J

2.0 oxy
4

W= X -w
By applying Kirchhoff’s laws to this circuit, its dynamics are presented by the following circuital
equations:

gLy 1 ox-
CiR, CR,

1 1 (10)
CRs

¥ = ﬁxz
doLy
T CRs ' CiRs ‘

— 1 — 1

" CR, CuRe ‘

Where X, Y, Z W are the voltages across the capacitors C,, C,, C; and C,, respectively. The values of
the circuit elements were chosen as follows: R; =40 kQ, R, = 80 kQ, R;= R;= Rg= 400 kQ, Ry= Rs =
200 kQ, R, = 32 kQ, Vi=-1 VDC, Rg = Rlo =Ry =Ry = R13 =Ru= 100 kQ, Cl = Cz = C3 = C4= 1nF.
MultiSIM simulation of the circuit are represented in Fig 16. As expected, obtained MultiSIM results
confirm the theoretical model system (1).

XY

5. Conclusions

A new 4-D chaotic system with only two quadratic nonlinearities was reported in this paper. It is worth
noting that the new chaotic system exhibits a self-excited, two-wing strange attractor. The dynamical
properties of the new chaotic system were analyzed in terms of phase portraits, equilibrium points,
Lyapunov exponents, Kaplan-Yorke dimension, dissipativity, coexisting attractors, offset-boost control,
etc. We gave a detailed analysis of the new chaotic system dynamics with bifurcation diagram and
Lyapunov exponents. As an engineering application, an electronic circuit realization of the new chaotic
system was designed to show the feasibility of the theoretical model.
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Figure 15. Circuit design for the proposed new four-dimensional chaotic system (1)
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Abstract. A new four-dimensional chaotic system with only two quadratic nonlinearities is
proposed in this paper. It is interesting that the new chaotic system exhibits a two-wing strange
attractor. The dynamical properties of the new chaotic system are described in terms of phase
portraits, equilibrium points, Lyapunov exponents, Kaplan-Yorke dimension, dissipativity, etc.
The new chaotic system has two saddle-foci, unstable equilibrium points. Thus, the new chaotic
system exhibits self-excited attractor. Also, a detailed analysis of the new chaotic system
dynamics has been carried out with bifurcation diagram and Lyapunov exponents. As an
engineering application, an electronic circuit realization of the new chaotic system is designed
via MultiSIM to confirm the feasibility of the theoretical 4-D chaotic model.

1. Introduction

In the last few decades, much attention has been devoted to the modelling and analysis of many types
of chaotic systems [1-2]. Chaotic systems are very useful in many applications in science and
engineering such as weather systems [3-4], ecology [5], neurons [6-7], biology [8-10], cellular neural
networks [11-12], chemical reactors [13-14], oscillators [15-20], robotics [21-24], encryption [25-30],
finance systems [31-32], circuits [33-45], secure communication [46-50], etc.

In the chaos literature, there is great interest about finding chaotic systems with multi-wing attractors.
In the chaos literature, there are chaotic systems with two-wing attractors [51-55], three-wing attractors
[56-57] and four-wing attractors [58-60].

In this research paper, we report the finding of a new 4-D chaotic system exhibiting a two-wing strange
attractor. Our chaotic system has a simple structure with only two quadratic nonlinearities. We show

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
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that the new chaotic system has two saddle-foci, unstable equilibrium points. Thus, the new chaotic
system exhibits self-excited chaotic attractor [2].

We describe the phase plots of the chaotic system and conduct a rigorous bifurcation analysis of the
system. Bifurcation analysis is very useful to understand the special properties of chaotic and
hyperchaotic systems [61-66]. As an engineering application, we build an electronic circuit of the new
chaotic system and show that the circuit experimental results of the new chaotic system show good
agreement with the numerical MATLAB simulations of the system. Circuit simulation is an important
work associated with a chaotic system as this can be used for applications of chaotic systems [67-70].

Section 2 describes the new chaotic system with two-wing attractor, its phase plots and Lyapunov
exponents. We show that the new chaotic system has two saddle-foci equilibrium points which are
unstable. Hence, we shall deduce that the new chaotic system exhibits self-excited, two-wing, chaotic
attractor. Section 3 describes the dynamic analysis of the new chaotic system using bifurcation diagrams
and Lyapunov exponents. Also, an electronic circuit realization of the new chaotic system is presented
in detail in Section 4. Finally, Section 5 summarizes the main results derived in this work.

2. A new 4-D chaotic system
In this work, we report a new 4-D chaotic system given by the dynamics
X=a(y—-x)-w
s (1)
z=b-xy
Ww=x-w
where x, y, z, w are state variables and a, b are positive constants. Y=1/4, x= "2, w=1/2, z=1/4
We note that the system (1) has a simple structure having only two quadratic nonlinearities.
In this paper, we show that the 4-D system (1) has a two-wing chaotic attractor when the system
parameters take the following values
a=5,b=50 2)
For numerical simulations and calculating the Lyapunov exponents, we take the initial values of the 4-
D system (1) as X (0)=(0.2,0.2,0.2,0.2). Using Wolf’s algorithm [71], the Lyapunov exponents of
the 4-D system (1) are found as
LE, =13182, LE,=0, LE,=-1.0459, LE, =-6.2723 3)

Also, the Kaplan-Yorke dimension of the 4-D chaotic system (1) is determined as follows:

D, =3+ LEALE T LE, 5043 )

| LE, |

Thus, the 4-D chaotic system exhibits complex chaotic behavior.
Also, the system (1) is invariant under the coordinates transformation

(X, y,z,W) > (=x,—y,z,—W) (5)
Hence, the chaotic system (1) has rotation symmetry about the z — axis. Every non-trivial trajectory of
the system (1) has a twin trajectory because of this rotation symmetry property about the z — axis.
Figures 1-4 show the 2-D projections of the new chaotic system (1) in (x, y), (,z), (z,w)and (x,w)
coordinate planes, respectively.
From the phase portraits, we note that the chaotic system (1) exhibits a two-wing strange attractor.
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Figure 1. 2-D phase plot of the 4-D chaotic
(1) in the (x,y)plane
X,=(0.2,0.2,0.2,0.2)and (a,b) =(5,50)
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Figure 2. 2-D phase plot of the 4-D chaotic
(1) in the (x, y)plane
X,=1(0.2,0.2,0.2,0.2)and (a,b) =(5,50)
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Figure 4. 2-D phase plot of the 4-D chaotic

system (1) in the (x, y)plane  for system (1) in the (X, y)plane  for
X,=(0.2,0.2,0.2,0.2)and (a,b) =(5,50) X,=(0.2,0.2,0.2,0.2)and (a,b) =(5,50)
For the rest of this section, we take the values of the parameters as in the chaotic case (2), i.e. a=35
and b =50.
The equilibrium points of the new chaotic system (1) are obtained by solving the system of equations
a(y—x)—-w=0 (6a)
xz=0 (6b)
b-—xy=0 (6¢)
x-w=0 (6d)
Solving the system (6), we get two equilibrium points of the chaotic system (1) given as follows:
6.4550 —-6.4550
o | 77460 | | 77460 ()
o Lo
6.4550 —-6.4550

It is easy to verify that the equilibrium points £, £, are saddle-foci, unstable, equilibrium points.

This shows that the new chaotic system (1) exhibits a self-excited, two-wing, chaotic attractor.

3. Bifurcation Analysis for the New Chaotic System
In this section, we describe a bifurcation analysis for the new chaotic system (1) introduced in Section
2. Bifurcation analysis is an important topic for studying chaotic systems [61-66].

We fix b =50 and vary a in the region of [2,8]

Obviously, from the bifurcation diagram shown in Figure 5, one can get that the new system (1)
experiences period-doubling route to chaos. In addition, there is a big periodic-3 window in the region
of [3.8, 4.2]. Some sample results are shown in Figures 6-8.
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Figure 5. Bifurcation diagram and Lyapunov exponents of the new system (1),
where we fix 5=50  and the initial condition X, =(0.2,0.2,0.2,0.2)
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Figure 6. Phase plot of the new system (1), where we fix b =50 and the initial condition
X,=1(0.2,0.2,0.2,0.2). When a = 2, the system (1) depicts period-1 motion.
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Figure 7. Phase plot of the new system (1), where we fix b =350 and the initial condition
X,=(0.2,0.2,0.2,0.2). When a = 2.8, the system (1) depicts period-2 motion.
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Figure 8. Phase plot of the new system (1), where we fix b =350 and the initial condition
X,=1(0.2,0.2,0.2,0.2). When a = 3, the system (1) depicts chaotic motion.

Next, we fix @ =5and vary b in the region of [20,80]. Obviously, from the bifurcation diagram as

shown in Figure 9, one can get that the system (1) is in chaotic motion except for a big periodic-3
window in the region of [20, 80].
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Figure 9. Bifurcation diagram and Lyapunov exponents of the new system (1),
where we fix @a=35  and the initial condition X, =(0.2,0.2,0.2,0.2)

Next, we discuss on the coexisting attractors for the new system (1). We note that in Figures 10-12, the
blue color refers to the phase plot of the new system (1) starting from the initial condition
X,=1(0.2,0.2,0.2,0.2) and the red color refers to the phase plot of the new system (1) starting from

the initial condition ¥, =(-0.2,-0.2,0.2,-0.2).

We fix b=10and vary a in the region of [2, 6]. As can be seen from the bifurcation diagram in Figure

10 that there exists coexisting attractors in the region of [4.7, 5.6]. Some sample plots are give in Figures
11-13.

Figure 10. Bifurcation diagram of the new system (1),
where we fix b=10and vary « in the region of [2, 6]

s

£

Figure 11. Phase plot of the new system (1), where we fix b =10 and the initial
condition X, =(0.2,0.2,0.2,0.2) for blue color plot and ¥, =(-0.2,-0.2,0.2,-0.2)

for red color plot. When a = 5, the system (1) has coexisting period-1 attractors.

3
2
1
z0-
A
@2
3

-10 -5 0 5 1 -16

Figure 12. Phase plot of the new system (1), where we fix b =10 and the initial condition
X,=1(0.2,0.2,0.2,0.2) for blue color plot and ¥, = (-0.2,-0.2,0.2,-0.2) for red color

plot. When a = 4.9, the system (1) has coexisting period-2 attractors.
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Figure 13. Phase plot of the new system (1), where we fix b =10 and the initial
condition X, =(0.2,0.2,0.2,0.2) for blue color plot and ¥, =(-0.2,-0.2,0.2,-0.2)

for red color plot. When a = 4.75, the system (1) has coexisting chaotic attractors.

Next we discuss on offset boosting control for the new chaotic system (1).

We fix a =5, b =50 and the initial condition X, =(0.2,0.2,0.2,0.2).

Clearly, the state variable z appears only once in the second equation of the new four-dimensional
chaotic system (1). Thus, we can control the state variable z conveniently. The state variable z is offset-
boosted by replacing z with z + k, in which £ is a constant. The system (1) can be rewritten as
X=a(y—-x)—w
J=x(z+k) ®)
z=b-xy
Ww=x—-w
Consequently, the chaotic signal z can be transformed from a bipolar signal to a unipolar signal when
varying the control parameter £.
Figure 14 shows the phase plots of the modified system (8) for k& =0 (blue color), k =40 (red color)
and k =—40 (green color).

100 10

50

-50

MW a0 20 o 20 40 60 oo 30 0 30 100

Figure 14. Phase plot of the modified system (8), where we fix a =5, b=50 and the initial
condition X, =(0.2,0.2,0.2,0.2). In this figure, the phase plot is shown for &k =0 (blue color),
k =40 (red color) and k =—40 (green color).

4. Circuit Implementation of the New Chaotic System

The electronic circuit modelling the new four-dimensional chaotic system with only two quadratic
nonlinearities (1) is realized by using off-the-shelf components such as resistors, capacitors, operational
amplifiers and multipliers. We have the circuit as shown in Fig. 15 where each state variable of system
(1), 1.e. x, y, z, w is implemented as the voltage across the corresponding capacitors Ci, C», C3, and Cy,
respectively.

The four state variables (x, y, z, w) of the new four-dimensional chaotic system (1) have been rescaled

as y - % x,Y = 1 y,Z = %,W - %W . Therefore, the the new four-dimensional chaotic system (1) is

transformed into the following equivalent system:
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X =aQRY -X)-W 9)
Y=2XZ

7=t _oxy
4

W=X-W

By applying Kirchhoff’s laws to this circuit, its dynamics are presented by the following circuital
equations:

doty Loy Ly (10)
C‘1RI C1R2 CIRS
y=—!
C,R,
- VI—LXY
C,R, ' CR,
_ 1
C,R, C,R,

Where X, Y, Z W are the voltages across the capacitors Ci, Ca, Cs and Cs, respectively. The values of
the circuit elements were chosen as follows: R =40 kQ, R, = 80 kQ, R; = R7 = Rs = 400 kQ, R4= R¢=
200 kQ, Rzz 32 kQ, V1: -1 V[)c, R9 :Rlo :Rn :Rn :R13 :R14 =100 kQ, C1 = Cz = C3: C4: 1 nF.
MultiSIM simulation of the circuit are represented in Fig 16. As expected, obtained MultiSIM results
confirm the theoretical model system (1).

5. Conclusions

A new 4-D chaotic system with only two quadratic nonlinearities was reported in this paper. It is worth
noting that the new chaotic system exhibits a self-excited, two-wing strange attractor. The dynamical
properties of the new chaotic system were analyzed in terms of phase portraits, equilibrium points,
Lyapunov exponents, Kaplan-Yorke dimension, dissipativity, coexisting attractors, offset-boost control,
etc. We gave a detailed analysis of the new chaotic system dynamics with bifurcation diagram and
Lyapunov exponents. As an engineering application, an electronic circuit realization of the new chaotic
system was designed to show the feasibility of the theoretical model.
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Figure 15. Circuit design for the proposed new four-dimensional chaotic system (1)
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